The behaviour of the order parameter and its effects in intrinsically-layered superconductors are studied within a continuous Ginzburg-Landau model. A simple model of interlayer coupling is proposed in which we suggest that the coupling strength between superconducting and insulating layers may be qualitatively described by a reciprocal of a difference between the order parameters at the respective layers. The feasibility of such an approach is demonstrated by considering Hussey's magnetization experiments, the case of T c depression observed in iodine-intercalated and Pb-substituted Bi 2 Sr 2 CaCu 2 O 8+δ , and some other properties and experiments in layered superconductors.
Introduction
Almost all high-T c superconductors (HTSs) with the exception of (Ba 1−x K x )BiO 3 are layered compounds made of alternating superconducting layers and insulating (or metallic) layers. They pertain to a larger class of materials including cuprate superconductor multilayers (MLs) YBCO/PrBCO [1] , conventional superconductor ML with modulated composition [2] , low-temperature layered compounds such as chalcogenides [3, 4] , and quasi-two-dimensional (quasi-2D) organic superconductors [5] .
Extensive theoretical efforts have been devoted to finding the simplest theory which would contain all details relevant to superconductivity of these materials. Two phenomenological models have been particularly successful in describing the properties of high-T c layered superconductors, the so-called anisotropic Ginzburg-Landau (GL) model [3, 4, [6] [7] [8] [9] [10] [11] [12] [13] [14] [15] [16] and the Lawrence-Doniach (LD) model [16] (or the generalized LD model [17] [18] [19] ). In the former model, the layer structure is not explicitly taken into account, that is, the layer structure is averaged away. Accordingly, only the anisotropy of the effective mass is considered as the effect induced by the layer structure. On the other hand, the LD model retains the GL model for order parameter variations within each layer but couples them through Josephson interlayer tunnelling. The two models may be considered as limiting cases of the continuous Ginzburg-Landau model, which is proposed by Koyama et al [20] . In this model, it has been assumed that the coefficients in the GL free energy are periodic in the direction perpendicular to the layers. As a result of this spatial dependence, the amplitude of the order parameter varies periodically along the crystallographic c-axis in the Meissner state, reflecting the layered structure of alternating superconducting and insulating layers.
The active building blocks of cuprate HTS, as far as superconductivity is concerned, are CuO 2 layers (strong intralayer coupling) with weak interlayer interactions. One of the central problems in the theories of high-T c superconductivity is to what extent the superconducting properties are bound to the two dimensionality of the CuO 2 planes, and how the extension into the third dimension is achieved by the coupling between adjacent (nearest-neighbour and next-nearest neighbour) CuO 2 planes. The interlayer coupling plays a crucial role in the resonating-valencebond (RVB) theory of Wheatley-Hsu-Anderson (WHA) [21] and within the framework of BCS-like models of several authors [22] .
Interlayer coupling is also important in phenomenological models such as the LD model [16] , the simplified GL model [23] , and the g 3 model [24] .
In this paper, we use a modified version of the continuous GL model to make a detailed study of the behaviour of the order parameter in layered superconductors, with the aim of presenting a simplistic, phenomenological description of these materials. Phenomena in intrinsicallylayered superconductors such as interlayer coupling, crossover behaviour [4, 25] , intrinsic pinning [26] , and anisotropy is addressed within a consistent framework. Magnetization measurements [27] , the iodine intercalation [28] and the Pb substitution [29] in Bi 2 Sr 2 CaCu 2 O 8+δ indicate the plausibility of the present work.
Theoretical framework
Consider a system composed of alternating superconducting (S) and insulating (I) layers (see figure 1) . Taking the zaxis in the direction perpendicular to the layers, the GL free energy with spatially-dependent coefficients may be expressed as follows:
with planar vector r = (x, y) and vector potential
. M(z) denotes the effective mass along the z-direction, and m(z) is the corresponding planar parameter. The GL coefficient α(T , z) and the effective masses are assumed to be periodic functions of z with a period given by the size of the unit cell. In contrast to Koyama [20] and Müller [30] , we assume the following forms for the coefficients in the GL free energy, namely,
where T c is the transition temperature, D is the size of the unit cell (between the dashed lines in figure 1) , and model parameters α 0 , α 1 , G 0 , G 1 , g 0 , and g 1 are constants for a certain superconductor. The model parameter dependences of ( r, z) shall be analysed in detail in the next section. While the positive parameter β should be a periodic function of z, such oscillation affects the results only qualitatively [30] , and we shall thus treat β as a constant for simplicity. Note that the S (I) layer may be described by a negative (non-negative) condensation parameter α and a small (large) effective mass. Also note that to obtain some qualitative results one may extend the temperature range of the GL theory [31] to low temperatures [32, 33] 1 . Other kinds of GL barriers such as δ-like and squarewell-like potentials (for example, see [34, 35] ) may also be proposed. While these propositions may bring some modifications, our results may still help to describe (qualitatively) properties of layered superconductors (see section 3).
Minimizing the free energy F leads to the following modified GL equation, 1 For dirty materials such as the cuprate HTS, one may extend the GL theory to low temperatures, see [33] . 
Let an external magnetic field B be applied along the y-axis and hence the vector potential can be taken as A = (Bz, 0, 0). Assuming that the order parameter satisfies ( r, z) = e i k · r (z), it follows from equation (5) that
where z 0 =hk x /(2eB). It is convenient to assume that k x = k y = 0 for evaluating the behaviour of the order parameter along the z-direction. Considering the Meissner state of this system, we now set B = 0 in equation (6), which yields
We then solve this equation numerically for one period of the unit cell (see figure 1) , with the following conditions imposed on the solutions, namely, (0) = (D) and ∂ ∂z (z)| z=0 = 0. Unlike the approach taken by Koyama et al, we have chosen to parameterize the GL coefficients using experimental inputs. We achieve this by using the following relationship [36] :
where M, H c , and λ are, respectively, the effective mass, the thermodynamic critical field and the penetration depth (see a similar estimate by Kleiner and Müller [37] ). As for the value of β, a judicious choice is necessary in order to avoid the unphysically very small difference between the order parameters at the S and I layers. For this reason, we have chosen β to have a small order of magnitude, as we will discuss later. Our present approach is general, and may be applicable to other layer-like systems, whose unit cells are assumed to have the same structure displayed in figure 1. We shall illustrate our procedure by using the experimental quantities [36, 38] obtained from Bi 2 Sr 2 CaCu 2 O 8 (Bi-2212) so that we have µ 0 H c ≈ 0.1 T, λ ≈ 10000 Å, and M ≈ 200 a.u. Thus, the order of magnitude estimated for α, according to equation (8), is about 10 −5 eV.
Results and discussion
It is suggested that the quantity 1/ (D/2) − (0) may make an important contribution to the coupling strength η between the adjacent S and I layers, namely,
where (D/2) and (0) are the order parameters at the S and I layers, respectively. The reason for our choice is that in this is drawn perpendicular to the layers. We shall take the origin of the z-axis to be at the centre of the I layer. Thus, assuming all layers to have the same thickness, the centre of the S layer is located at D/2.
paper, an approximate relation between 1/ (D/2) − (0), the average effective mass, and the size of the unit cell is found and it bears a striking resemblance to the relation (for example, see [16, 24] ) between the interlayer coupling strength, the effective mass, and the thickness of the insulating layer. The justifications and feasibility of our approach shall be demonstrated, but a study of the spatial dependence of the order parameter (solution of equation (7)) is now in order.
In figure 2 , we plot the spatial dependences of the order parameters for several reduced temperatures (t = T /T c , T c = 85 K for Bi-2212). As expected, the amplitudes of the order parameters take a maximum (minimum) in the S (I) layer. Smaller variation of the order parameter on the scale of the cell size is observed as temperature increases, which is consistent with the increase of the coherence length with temperature. In fact, it is found that the order parameters in figure 2 can be fitted (see the full curves) by a Gaussian function,
where 0 is an offset of the order parameter and C is a variable of probability meaning. The width parameter ξ ⊥ (t) in the Gaussian function may be considered as the interlayer coherence length. It is found that the Gaussian function can also fit (not shown) figures 4-6 and 7(a) presented below.
In figure 3 , we present the quantity (D/2)− (0) versus the reduced temperature for several values of D. While the curves may exhibit some deviation from linearity, they, in general, can be approximated by straight lines, so that we may write the order parameter difference as directly proportional to (1 − t). This result, with equation (9), is consistent with the observation in Nb/Cu multilayer experiments [39] that an interlayer (Josephson) coupling decreases with decreasing temperature.
In figure 4 , we show the spatial dependence of the order parameters for different α 0 at zero temperature. It is seen that the order parameter uniformly increases with α 0 (which may be viewed as the average condensation parameter), indicating an approximate linear relationship between (D/2), (0) and α 0 . Similarly, we have presented the variation of the order parameters with α 1 in figure 5 . The order parameter at the I layer shows a weaker dependence on α 1 than that at the S layer. In contrast to the negative α 0 , the positive β may be regarded as an effective repulsive potential (as expected), as the order parameter decreases with increasing β (see figure 6 ). It should be noted that, in all our figures, the order parameters have been rescaled by multiplying them by a prefactor 1/ √ β (see a similar scaling by Koyama et al [20] ). Figure 7 (b) reveals that the order parameter at the S (I) layer decreases (increases) with increasing G 0 , resulting in a decreasing difference between the order parameters at the S and I layers. Hence, the smaller the reduced mass µ, the stronger the interlayer coupling, according to equation (9) . It is also clear, from the definitions of the effective masses, that an increase in G 0 will decrease the effective masses of both the S and I layers, thereby decreasing the average effective mass, which may be defined
Hence, a smaller average effective mass will lead to a stronger interlayer coupling. In our calculations, G 0 and G 1 have been set to positive and negative, respectively, with G 0 > |G 1 |. According to our definition of the average effective mass, the effect of decreasing |G 1 | is the same as that of increasing G 0 . When plotted, the variation of order parameter with decreasing |G 1 | does indeed have a similar trend as that of increasing G 0 .
The information extracted from figure 7 is presented in figure 8 as a plot of the difference (D/2)− (0) against M ⊥ . For small M ⊥ , it is reasonable to approximate the data with straight lines through the origin so that (D/2)− (0) ∝ M ⊥ . It can be seen from figure 8 that a small average effective mass yields a small order parameter difference, thus corresponding to a large interlayer coupling.
The plot of the order parameter difference (D/2) − (0) against D 2 is given in figure 9 . Here, we may again approximate the data by linear curves through the origin so that indicates that a smaller D yields a smaller order parameter difference and hence, according to equation (9), a stronger coupling. Based on the linear relationships obtained in figures 3, 8 and 9, we are now able to express the expression of η in equation (9) in terms of t, M ⊥ and D as follows,
where ξ ⊥ (t) =h/ √ 2M ⊥ |α(t)|, and α(t) ∝ (1 − t). We note that the relation between 1/ (D/2) − (0), the average mass and the cell size is similar in form to that [16, 24] Gaussian expression in equation (10), one may analytically obtain the expression,
Small M ⊥ (leading to large ξ ⊥ (t)) and small D are also the conditions for the expansion of the Gaussian function. Our present formulations (equations (11) and (12)) suggest that the interlayer coupling can be simply described by the reciprocal of the order parameter difference at adjacent superconducting and insulating layers. The interlayer coupling is not only affected by the nature of the layered structure (through M ⊥ and D), but is also temperature dependent, namely, the temperature effect be incorporated when considering the interlayer coupling. It should be emphasized that equations (9), (11) and (12) are satisfied under the conditions of small mass, small unit cell size and high temperature.
We further note that the ratio ξ 2 ⊥ (t)/D 2 is similar in form to that appearing within the Klemm-Beasley-Luther (KBL) theory [4] (in which only the thickness of insulating layer was considered) and within the extended KBL result [40] (in which the thickness of both superconducting and insulating layers was considered). By rendering the LD free functional dimensionless, Bulaevskii et al [41] have also obtained a similar ratio. In [4, 40] , the ratio was used as a criterion to determine the behaviour of fluctuation susceptibility and upper critical field. In [41] , the dimensionless parameter was used as a criterion to determine the change from the Abrikosov core to the Josephson core. Here, within the continuous GL framework, one can state that the dimensionless ratio ξ ⊥ (t)/D may represent the strength of the interlayer coupling (equation (12)). Experimentally, magnetization measurements by Hussey et al [27] on several families of superconductors also arrive at a similar result: the ratio of the interlayer coherence length at zero temperature to the insulating spacing stands for the strength of interlayer coupling [27] .
The GL theory [31] is applicable to three-dimensional systems, for, according to equation (11), under the condition of the GL applicability, (T c − T )/T c 1 (T → T c ), the systems would exhibit strong interlayer coupling. The anisotropic GL model for layered superconductors is valid near T c , where the LD model description is not appropriate. However, Lawrence and Doniach [16] showed that if the spatial disturbances in the order parameter (characterized by the coherence length) have a length scale large by comparison with the layer spacing (see equation (12)), their discrete theory will be identical in form to the anisotropic GL theory. In addition, it is crucial that their model has the ability to account for the discreteness of the layer structure at low temperatures (weak interlayer coupling) and yet to recover the anisotropic GL theory near T c (strong interlayer coupling). Both the length and temperature effects can be easily understood within the present framework of interlayer coupling (the length effect can be also seen in [42] , where the authors showed that as the layer spacing tends to zero, the LD model is reduced to the anisotropic GL model).
Dimensional crossover [4, 25] from three-dimensional (3D) to two-dimensional (2D) is an important phenomenon inherent in superconducting multilayers. At sufficiently high temperatures, the multilayer system behaves as a superconductor that is uniform across the layers, while at lower temperatures, the system behaves as a stack of distinct quasi-2D layers. This behaviour can be understood from our present results. As figure 3 shows, low temperature leads to a large difference between the two order parameters, resulting in a small coupling strength. The system can thus be pictured as a stack of weakly coupled layers along the z-direction, and exhibiting a 2D behaviour that should be described by the LD model. For higher temperatures, the coupling is larger since we can expect a smaller order parameter difference in this case. Thus, as the coupling strength increases with temperature, the system will experience a 2D → 3D crossover, gradually behaving like a 3D bulk superconductor (describable by the anisotropic GL model). The increase of the 3D nature as temperature increases might be applied to interpret experimental behaviours, for example, see [43] . Equation (9) can be shown to be related to intrinsic pinning [26] in oxide cuprate superconductors, a phenomenon in which vortices are strongly pinned in the weakly superconducting layers due to the presence of large potential barriers of the CuO 2 planes. To see this, let us assume that the order parameter can be expressed as a spatial periodic function, namely, (z) = 0 − 1 cos(2πz/D), where 0 and 1 are parameters, so that we have (0) = 0 − 1 , and (D/2) = 0 + 1 . Following Tachiki and Takahashi [26] , the modulation parameter δ for the order parameter can thus be written as
Since the maximum pinning force has been shown to be proportional to the modulation parameter, a decreasing interlayer coupling must therefore lead to a stronger pinning. Depinning is also more likely to occur at higher temperatures since the coupling strength increases with temperature (cf equation (11)), hence reducing the (intrinsic) pinning force. The difference (D/2) − (0) can also be used to give a qualitative description of the anisotropy in layered superconductors, in which we suggest that a large difference can be associated with a large anisotropy. This follows because we may write the anisotropy ratio γ
Estimations [41, 44] based on experimental measurements for the zero-temperature dimensionless parameter (12) can be approximately expressed in terms of ρ 0 , one may suggest that HTSs are essentially weakly coupled along the crystallographic c-axis. However, the relation between T c and the strength of interlayer coupling is still not finalized. Here, we are inclined to be of the opinion that a larger interlayer coupling strength corresponds to a smaller T c . The viewpoint is consistent with some theories that the degree of interlayer coupling is measured by the ratio t ⊥ /T c , and that t ⊥ is necessarily small compared to T c [45] , where t ⊥ is the single-particle hopping matrix element for neighbouring layers [21] .
Interlayer coupling is complicated in iodine-intercalated Bi-2212 [28] , where the intercalation has given rise to a suppression of T c and a reduction of the out-of-plane resistivity (ρ ⊥ ). Iodine intercalates into the insulating Bi-O bilayers, thus affecting the interlayer coupling but leaving the intrinsic superconducting CuO 2 intact. Since Bi-O planes can serve as charge reservoirs for the CuO 2 planes, one may expect iodine intercalation to increase the concentration of holes [28] , thereby increasing the carrier concentrations at the insulating layer. This increase would lead to a corresponding increase in the order parameter (0), resulting in a smaller (D/2) − (0) difference, since it is reasonable to assume that the order parameter (D/2) is not affected by the iodine intercalation. According to equation (9) , the interlayer coupling between superconducting and insulating layers should thus be enhanced, leading to a depression of T c and a corresponding reduction of ρ ⊥ . The reduction in ρ ⊥ can be seen in an equation by Anderson and Zou [46] , in which ρ ⊥ decreases with increasing square of the hopping element t 2 ⊥ . Since t 2
⊥ ∼h
2 /(2M ⊥ s 2 ) ∝ η [24] , ρ ⊥ ought therefore to decrease with increasing coupling strength.
Another illustration can be seen in Pb-substituted Bi-2212 ((Bi, Pb)-2212) [29] . X-ray diffraction measurements show that the c-axis lattice parameter decreases from c = 30.94 to 30 .86 Å as a result of Pb substitution on the Bi site.
A decreasing cell size gives rise to a smaller (D/2) − (0) difference (see figure 9 ), resulting in a correspondingly larger interlayer coupling strength and a subsequent reduction in anisotropy (ρ ⊥ is changed from semiconductor-like to metallic in behaviour in (Bi, Pb)-2212; a direct correlation between anisotropy and unit cell size may be seen in table 1 of [47] ) and a depression in T c (82 K for a (Bi, Pb)-2212 single crystal and 87 K for an undoped Bi-2212). The estimated coupling energy at 50 K in a magnetic field of 1 tesla is 19.5 meV for (Bi, Pb)-2212 and 5.6 meV for Bi-2212 [29] .
Conclusions
Assuming periodic functional forms for the GL coefficient and the effective superpair masses along the c-direction, we have applied a modified continuous GL model to investigate the behaviour of the order parameters in intrinsically layered superconductors. Insightful descriptions for the interlayer coupling as well as some other properties of layered superconductors are addressed.
